Hyperfine-induced electric dipole contributions to the electric octupole
  and magnetic quadrupole atomic clock transitions by Dzuba, V. A. & Flambaum, V. V.
ar
X
iv
:1
60
2.
08
18
9v
1 
 [p
hy
sic
s.a
tom
-p
h]
  2
6 F
eb
 20
16
Hyperfine induced electric dipole contributions to the electric octupole and magnetic
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Hyperfine-induced electric dipole contributions may significantly increase probabilities of other-
wise very weak electric octupole and magnetic quadrupole atomic clock transitions (e.g. transitions
between s and f electron orbitals). These transitions can be used for exceptionally accurate atomic
clocks, quantum information processing and search for dark matter. They are very sensitive to
new physics beyond the Standard Model, such as temporal variation of the fine structure constant,
the Lorentz invariance and Einstein equivalence principle violation. We formulate conditions under
which the hyperfine-induced electric dipole contribution dominates. Due to the hyperfine quenching
the electric octupole clock transition in 173Yb+ is two orders of magnitude stronger than that in cur-
rently used 171Yb+. Some enhancement is found in 143Nd13+, 149Pm14+, 147Sm14+, and 147Sm15+
ions.
PACS numbers: 06.30.Ft, 06.20.Jr, 31.15.A, 32.30.Jc
Electric octupole (E3) and magnetic quadrupole (M2)
atomic optical transitions, which correspond to transi-
tions between s and f electron orbitals, can be used
as optical clocks of exceptionally high accuracy [1–5].
They also present unique opportunities for fundamen-
tal research by being sensitive to new physics beyond
the Standard Model. The transitions are very sensitive
to the temporal variation of the fine structure constant
α (α = e2/h¯c) [2–10], to the local Lorentz invariance
(LLI) violation [11], the effect of dark matter [12–18], etc.
For example, the 4f146s 2S1/2−4f
136s2 2Fo
7/2 transition
in Yb+ offers opportunities for frequency measurements
with fractional accuracy ∼ 10−18 [1]. The work is in
progress in many laboratories [19–21]. Measuring the ra-
tio of frequency of this transition to the frequency of the
4f146s 2S1/2 − 4f
145d 2D3/2 transition in the same ion
put the strongest limit on the temporal variation of the
fine structure constant and (by including the Cs hyperfine
transition) on the proton-to-electron mass ratio [8, 9, 22–
24]. The use of the electric octupole transition in Yb+
for the search of LLI violation may lead to five orders of
magnitude improvement over current best bounds on the
LLI violation in the electron-photon sector [11].
Many similar opportunities come with the use of op-
tical transitions in highly-charged ions (HCI) [2–5, 10].
For example, the spectrum of the Ir17+ ion has been
recently measured [25] with the prospect of using the
4f135s 3Fo4−4f
125s2 3H6 transition for the time keeping
and fundamental research.
Electrical octupole and magnetic quadrupole transi-
tions are very weak, typical linewidth can be as small as
few nHz. This may lead to certain difficulties in the mea-
surements. In this paper we demonstrate that the elec-
tric dipole transition (E1) induced by hyperfine interac-
tion can be significantly larger than the electric octupole
or magnetic quadrupole transitions. Therefore, choosing
right isotope might be important for the measurements.
At least one or more of the following conditions is
needed for the domination of the hyperfine-induced E1
transitions.
• The hyperfine mixing is enhanced by a small energy
interval. This is may be a fine structure interval for
the ground or clock state. The clock transition in
165Ho14+ ion [10] is an example.
• If ∆J < 3, the magnetic dipole hyperfine interac-
tion (HFI) can contribute to the transition, where
J is the total electron angular momentum. Other-
wise, an electric quadrupole HFI is needed, which
is usually significantly smaller. For single-valence-
electron atoms or ions this would be a 4f5/2 - 5s
(or 6s) transition, e.g., the 4f5/2 - 5s transition in
143Nd13+. For two and more valence electrons, ap-
propriated values of the total electron angular mo-
mentum are formed via contribution from all va-
lence electrons.
• An isotope with a deformed nucleus has a large elec-
tric quadrupole moment. This makes the electric
quadrupole HFI almost as large as the magnetic
dipole HFI. The 4f146s, 2S1/2 - 4f
136s2, 2Fo
7/2
transition in 173Yb is an example.
• For smaller frequencies all transition rates are
smaller. However, the electric octupole transition
rate depends much stronger on ω (∼ ω7) than the
electric dipole transition rate (∼ ω3). Therefore,
for a sufficiently small ω the electric dipole transi-
tion rate always dominates. The 4f5/2 - 5s transi-
tion in 149Pm14+ is an example.
The amplitude of the HFI-induced electric dipole tran-
sition is given by
Ahfs−E1(b→ a) = (1)∑
n
[
〈a|Hˆhfs|n〉〈n|Dˆ|b〉
Ea − En
+
〈b|Hˆhfs|n〉〈n|Dˆ|a〉
Eb − En
]
.
2Here Hˆhfs is the Hamiltonian of the magnetic dipole or
electric quadrupole HFI, Dˆ is the electric dipole opera-
tor. The detailed expressions with the angular reduction
can be found in Ref. [26, 27] and in the Appendix. The
corresponding rate for the E1 transition (we use atomic
units) is:
Rhfs−E1 =
4
3
(ωα)3
A2
hfs−E1
2Fc + 1
, (2)
where ω is the frequency of the clock transition, Ahfs−E1
is the amplitude of the transition (1) (the reduced matrix
element), and Fc is the total angular momentum of the
clock state including the nuclear spin I (F = I+J). The
rate for a E3 transition is
RE3 = 0.00169(ωα)
7 A
2
E3
2Jc + 1
, (3)
where Jc is the total electron angular momentum of the
clock state. The rate for a M2 transition is
RM2 =
1
15
(ωα)5
A2M2
2Jc + 1
, (4)
where the amplitude of the magnetic quadrupole tran-
sition AM2 includes the electron magnetic moment µ0
which is equal in the Gaussian atomic units to α/2.
We use the random phase approximation (RPA) to cal-
culate the transition amplitudes and HFI mixing. The
RPA equations for the core states c are
(HˆHF − ǫc)δψc = −(Fˆ + δVF )ψc, (5)
where HˆHF is the relativistic Hartree-Fock (HF) Hamil-
tonian, ψc and ǫc are single-electron HF state in the core
and its energy, (HˆHF − ǫc)ψc = 0, δψc is the correction
to the core state c induced by an external field, Fˆ is the
operator of the external filed, and δVF is the correction
to the self-consistent HF potential induced by the exter-
nal field via corrections to all core states. Equations (5)
are solved self-consistently for all states in the core. Am-
plitude of the transition between valence states v and w
(or mixing of these states) in the RPA approximation is
given by the matrix element
Awv = 〈w|Fˆ + δV |v〉. (6)
In present work we consider five different external field
operators. These include the electric dipole and octupole
operators, the magnetic quadrupole operator, the mag-
netic dipole and electric quadrupole HFI operators. Ex-
pressions for the single-electron matrix elements for each
of these operators are presented in the Appendix.
In case of single-valence-electron atom or ion the am-
plitude (1) can be reduced to
Ahfs−E1(b→ a) = (7)
〈δψa|dˆ+ δVd|ψb〉+ 〈ψa|dˆ+ δVd|δψb〉,
where δψa and δψb are corrections to valence states a and
b induced by HFI, dˆ = −er is the single-electron electric
dipole operator, δVd is the correction to the HF potential
of the core induced by the electric field of the photon.
In the case of several valence electrons we use the con-
figuration interaction (CI) technique [9, 28] to construct
many-electron states a, b and n in (1). Then we perform
direct summation over excited states n. The summation
is truncated at sufficiently high states so that the tail
contribution is reasonably small.
A byproduct of this work is the calculated hyper-
fine structure of the ground and clock states of spe-
cific isotopes of several ions considered for the search
of α-variation [4, 5, 25, 34] and the Lorentz invariance
violation [11]. This includes, e.g. the Ir17+ ion for
which first measurements of the spectra were recently
reported [25] confirming the predicted 5s-4f level cross-
ing. The 171Yb+ ions are used by several experimental
groups as prospective optical clocks of an exceptional
high accuracy [20, 21, 23, 24, 35]. Current best lim-
its on the temporal variation of the fine structure con-
stant come from the comparison of the frequencies of
the 4f146s 2S1/2 - 4f
136s2 3F2/2 E3 and 4f
126s 2S1/2
- 4f145d 2D3/2 E2 transitions [8, 9, 23, 24]. The results
for the hyperfine structure are presented in Table I. Apart
from getting new data, the comparison with the exper-
iment for 171Yb+ and 173Yb+ tests the accuracy of the
calculations. It indicates that the theoretical uncertainty
is smaller than 10%.
Table II presents calculated E3 and M2 transition rates
for the clock states of the ions. They are to be compared
with the HFI-induced rates in Table III. The calculated
E3 transition rate for Yb+ is within error bars of the
experimental value [1]. The E3 transition rate is larger
than the M2 rate in all ions except for the Sm14+ ion,
where it is small due to the small frequency.
The calculated HFI-induced E1 transition rates are
presented in Table III. They are larger than the E3 or
M2 rates for the 143Nd13+, 149Pm14+, 147Sm14+, and
173Yb+ ions (see Table II). The most interesting case is
probably the 173Yb+ ion. This is due to its importance
as one of the most accurate optical clocks, and study
of the temporal variation of fine structure constant and
the Lorentz invariance violation as discussed above. Cur-
rently used 171Yb+ ion has a very weak clock transition
rate, about two orders of magnitude weaker than the rate
in the 173Yb+ ion calculated in the present work. This
is due to the HFI-induced E1 transition in 173Yb+ which
is relatively large due to the large contribution from the
electric quadrupole hyperfine mixing. The 171Yb13+ iso-
tope has small nuclear spin (I = 1/2) and no nuclear
electric quadrupole moment.
The main reason for using odd isotope for the E3 clock
transition in Yb+ is the possibility to eliminate linear
Zeeman shift by using states with M = 0 [1] (M is the
projection of the total angular momentum of the atom,
including nuclear spin). This works for both 171Yb+ and
173Yb+. Note that the electric quadrupole shift due to
3TABLE I: Hyperfine structure of the ground and clock states of the ions considered in this work. I is the nuclear spin, µ is
the nuclear magnetic dipole moment in nuclear magnetons, Q is the nuclear electric quadrupole moment in barns (10−28m2),
A is the magnetic dipole hfs constant (in MHz), B is the electric quadrupole hfs constant (in MHz). A comparison with an
experiment is given for Yb+.
Ion I µ Q Ground A B Clock A B
Isotope µN b State MHz MHz State MHz MHz
143Nd13+ 7/2 −1.08 -0.630(60) 5s 2S1/2 -38200 0 4f
2Fo5/2 -333 -833
149Pm14+ 7/2 ±3.3 no data 5s 2S1/2 ±130500 0 4f
2Fo5/2 ±1162 1530
a
147Sm15+ 7/2 −0.813 -0.259(26) 4f 2Fo5/2 -318 -443 5s
2S1/2 -34800 0
147Sm14+ 7/2 −0.813 -0.259(26) 4f2 3H4 -320 3728 5s4f
3Fo2 5222 2833
193Ir17+ 3/2 0.1591 0.751(9) 4f135s 3Fo4 5180 -3218 4f
125s2 3H6 176 -3332
171Yb+ 1/2 0.4919 0 4f146s 2S1/2 11600 0 4f
136s2 3Fo7/2 871 0
171Yb+ Experimentb 12645 905.0(5)
173Yb+ 5/2 −0.6776 2.800(4) 4f146s 2S1/2 -3200 0 4f
136s2 3Fo7/2 -240 -4762
173Yb+ Experimentc -3497.5(6)
aAssuming Q = 1b.
bRef. [29].
cRef. [30].
TABLE II: Experimental or theoretical frequencies of the
clock transitions (ω) and theoretical rates of the spontaneous
decay of the clock state due to the electric octupole (E3),
or magnetic quadrupole (M2) transitions to the ground state
for the ions of Table I. The experimental rate for Yb+ is
0.59(+1.21/ − 0.38) × 10−8s−1 [1].
Ion Ground Clock ω RE3 RM2
State State cm−1 s−1 s−1
Nd13+ 5s 2S1/2 4f
2Fo5/2 55870
a 8.0[-7] 4.6[-11]
Pm14+ 5s 2S1/2 4f
2Fo5/2 3228
b 1.2[-14] 2.5[-17]
Sm15+ 4f 2Fo5/2 5s
2S1/2 60384
a 2.2[-6] 1.1[-8]
Sm14+ 4f2 3H4 5s4f
3Fo2 2172
c 1.5[-16] 1.5[-14]
Ir17+ 4f135s 3Fo4 4f
125s2 3H6 37423
d 7.9[-9] 3.0[-9]
Yb+ 4f146s 2S1/2 4f
136s2 3Fo7/2 21419
e 1.0[-8] 0
aExpt., [31].
bTheory, this work.
cTheory, [32].
dExpt. [25].
eExpt. [33].
gradients of electric field can also be eliminated in both
isotopes by considering states with F = 3, M = ±2
(F = J+ I, M is projection of F, the energy shift ∆E ∼
3M2−F (F+1) vanishes for F = 3,M = ±2). In this case
the linear Zeeman shift can be eliminated by averaging
the measurements involving states with M = +2 and
M = −2.
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Appendix A: Matrix elements
The matrix element of the electromagnetic transition
amplitude between many-electron states with definite
values of the electron total angular momentum J and
the total atomic angular momentum F (F = (J) + I,
where I is the nuclear spin) is given by
〈Ja, Fa||Ak||Jb, Fb〉 = (−1)
I+Fb+Ja+k × (A1)√
(2Fa + 1)(2Fb + 1)
{
Jb Ja k
Fa Fb I
}
〈Ja||Ak||Jb〉,
where k is the operator rank (k = 1 for E1 and M1, k = 2
for E2 and M2, etc.).
The matrix element of the magnetic dipole HFI is
〈Ja, F ||HˆA||Jb, F 〉 = (−1)
I+F+Jb × (A2)
µ
√
(2I + 1)(I + 1)
I
{
I Jb F
Ja I 1
}
〈Ja||HˆA||Jb〉.
Here µ is the nuclear magnetic dipole moment in nuclear
magnetons.
The matrix element of the electric quadrupole HFI is
〈Ja, F ||HˆB||Jb, F 〉 =
Q
2
(−1)I+F+Jb × (A3)√
(I + 1)(2I + 1)(2I + 3)
I(2I − 1)
{
I Jb F
Ja I 2
}
〈Ja||HˆB ||Jb〉.
Here Q is the nuclear electric quadrupole moment in
atomic units.
In expressions (A1), (A2) and (A3) the matrix element
〈Ja||Hˆ ||Jb〉 is the matrix element of a one-body operator
between many-electron CI wave functions of valence elec-
trons. The standard CI technique is used to reduce theses
matrix elements to the single-electron matrix elements.
4TABLE III: The rate of the HFI-induced electric dipole tran-
sitions between hyperfine components of the ground and clock
states of the ions for Table I.
Ion Clock RE1−HFI
Isotope Transition Fg Fc s
−1
143Nd13+ 2S1/2−
2Fo5/2 3.0 2.0 7.2[-8]
3.0 3.0 1.1[-7]
3.0 4.0 8.2[-8]
4.0 3.0 3.7[-8]
4.0 4.0 1.1[-7]
4.0 5.0 1.7[-7]
149Pm14+ 2S1/2−
2Fo5/2 3.0 2.0 4.8[-11]
3.0 3.0 7.4[-11]
3.0 4.0 5.5[-11]
4.0 3.0 2.5[-11]
4.0 4.0 7.6[-11]
4.0 5.0 1.1[-10]
147Sm15+ 2Fo5/2−
2S1/2 2.0 3.0 5.0[-9]
3.0 3.0 1.1[-8]
3.0 4.0 2.9[-9]
4.0 3.0 1.0[-8]
4.0 4.0 1.1[-8]
5.0 4.0 2.0[-8]
147Sm14+ 3H4−
3Fo2 0.5 1.5 6.1[-10]
1.5 1.5 2.8[-9]
1.5 2.5 1.2[-9]
2.5 1.5 2.9[-9]
2.5 2.5 5.9[-9]
2.5 3.5 1.4[-9]
3.5 2.5 7.8[-9]
3.5 3.5 7.9[-9]
3.5 4.5 1.0[-9]
4.5 3.5 1.4[-8]
4.5 4.5 7.5[-9]
4.5 5.5 4.1[-10]
5.5 4.5 1.9[-8]
5.5 5.5 4.3[-9]
6.5 5.5 1.7[-8]
193Ir17+ 3Fo4−
3H6 3.5 4.5 5.0[-9]
4.5 4.5 4.7[-10]
5.5 4.5 6.7[-12]
4.5 5.5 3.8[-10]
5.5 5.5 2.2[-11]
5.5 6.5 4.0[-9]
173Yb+ 2S1/2−
3Fo7/2 2.0 1.0 3.3[-7]
2.0 2.0 1.8[-6]
3.0 2.0 5.1[-7]
2.0 3.0 2.5[-6]
3.0 3.0 3.2[-6]
3.0 4.0 6.5[-6]
We use single-electron wave functions in a form
ψ(r)njlm =
1
r
(
fv(r)Ω(n)jlm
iαgv(r)Ω˜(n)jlm
)
, (A4)
where n is the principal quantum number and the in-
dex v replaces the three-number set n, j, l; α is the fine
structure constant.
The matrix elements of the electric multipole transi-
tions are (αωr ≪ 1)
〈a||Ek||b〉 = 〈κa||Ck||κb〉 ×∫ (
fa(r)fb(r) + α
2ga(r)gb(r)
)
rkdr (A5)
The matrix elements of the magnetic quadrupole tran-
sitions are
〈a||M2||b〉 = 〈−κa||C2||κb〉(κa + κb)×
2α
3
∫
(fa(r)gb(r) + ga(r)fb(r)) r
2dr (A6)
The matrix elements of the magnetic dipole HFI are
〈a||HˆA||b〉 = −〈−κa||C1||κb〉(κa + κb)×
α2
2
me
mp
∫
(fa(r)gb(r) + ga(r)fb(r))
r
r3>
dr (A7)
The matrix elements of the electric quadrupole HFI
are
〈a||HˆB||b〉 = 〈κa||C2||κb〉 ×∫ (
fa(r)fb(r) + α
2ga(r)gb(r)
) r
r4>
dr (A8)
In (A7) and (A8) r> = max(r, rN ), where rN is the nu-
clear radius.
The reduced matrix element of the spherical harmonic
Ck is
〈κa||Ck||κb〉 = (−1)
jb+1/2
√
(2ja + 1)(2jb + 1)
×ξ(la + lb + k)
(
jb ja k
−1/2 1/2 0
)
. (A9)
ξ(x) =
{
1, if x is even
0, if x is odd
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